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A general procedure for the optimization of atomic density-fitting basis functions is designed with the balance
between accuracy and numerical stability in mind. Given one-electron wavefunctions and energies, weights are
assigned to the product densities, modeling their contribution to the exchange and second-order correlation
energy, and a simple weighted error measure is minimized. Generally-contracted Gaussian auxiliary basis sets
are optimized to match the wavefunction basis sets [D. N. Laikov, Theor. Chem. Acc. 138, 40 (2019)] for
all 102 elements in a scalar-relativistic approximation [D. N. Laikov, J. Chem. Phys. 150, 061102 (2019)].
Approximations of molecular two-electron repulsion
integrals by fitting the underlying two-center product
densities to sums of atom-centered basis functions have
a long history1–27 and are now in widespread use,
even three-electron28–30 integrals of explicitly-correlated
methods can be decomposed this way, to speed up the
overall workflow. The accuracy then depends on the
size and quality of the auxiliary density-fitting basis set
that can be built in many ways. An on-the-fly gener-
ation31–33 of linearly independent combinations of one-
center products is easy but leads to a slower evaluation
of three-center integrals. Dedicated sets of simple atomic
functions have been carefully prepared, by some rules of
thumb and optimization techniques, for Coulomb34–37,
exchange38,39, and second-order correlation40–43 energy
components, and all three together toward an automatic
generation of “universal”44 solutions.
We have also developed our own general procedure
for the optimization of atomic density-fitting basis sets
for molecular two-electron integral approximation, for all
two-electron energy components, which is new in its kind
and even more simple than the others40,44, while giving
a good balance between accuracy and numerical stabil-
ity. Its older version has been used since 15 years ago
to match and follow our first wavefunction basis work45,
but was never published on psychological46 grounds, al-
though those primary and auxiliary basis sets have since
been used in hundreds of published studies. Overcoming
the barrier, we now reveal our procedure and apply it to
our newer basis sets47 within a scalar-relativistic approxi-
mation48 covering all 102 elements hydrogen through no-
belium.
We take as input a canonical set of N atomic one-
electron wavefunctions47 {φi(r)} and {φa(r)} with en-
ergies {ǫi} and {ǫa}, of which No are occupied, labeled
with i, j = 1, . . . , No, and a, b = No + 1, . . . , N .
From order-of-magnitude arguments, we set the
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weights for the product densities,
wij = 1, (1)
wai = β
K¯ai
ǫa − ǫi
, (2)
wab = γ
∑
i
waiwbi, (3)
where the exchange integrals
Kai = (φaφi |φaφi) (4)
are spherically-averaged,
K¯ai =
∑
bj δlalbδliljδnanbδninjKbj
(2la + 1)(2li + 1)
, (5)
the charge density notation
(p |q) =
∫
p(r1)q(r2)
|r1 − r2|
d3r1d
3
r2 (6)
being used throughout. The constants β and γ are quite
arbitrary, while the first term of the weighted sum
E0 =
1
2
∑
ij
wijKij +
∑
ai
waiKai +
1
2
∑
ab
wabKab (7)
is the exchange energy, we set β = 12 making the second
term twice the opposite-spin second-order correlation en-
ergy in the special case of helium atom and the smallest
L1
47 basis set, the gradient then has, in this linear model,
both components equally weighted in the optimization.
Either γ = 0 or γ = 1 will be taken to see what happens.
We now label the set of N2 densities and weights
ρk(r) = φ
†
k mod N (r) · φ⌊k/N⌋(r), (8)
wk = wk mod N,⌊k/N⌋, (9)
with one linear index k = 1, . . . , N2.
A set of M primitive density-fitting basis functions
{̺µ(r, αµ)}, µ, ν = 1, . . . ,M , will be contracted to Mo
linear combinations {̺u(r)}, u = 1, . . . ,Mo,
̺u(r) =
∑
µ
̺µ(r, αµ)Bµu, (10)
2optimizing both the linear coefficients {Bµu} and the
nonlinear parameters {αµ} (such as exponents) for the
best approximation of the densities
̺k(r) =
∑
u
̺u(r)Cuk ≈ ρk(r) (11)
by minimizing the weighted error measure
E = 12
∑
k
(̺k − ρk |̺k − ρk)wk. (12)
The solution for {Cuk} is straightforward,
C =
(
B
T
VB
)−1
B
T
R, (13)
given in matrix form with the integrals
Rµk = (̺µ |ρk) , (14)
Vµν = (̺µ |̺ν) , (15)
so Eq. (12), with the help of Eqs. (7) and (13), becomes
E = E0 −
1
2 tr
{
WR
T
B
(
B
T
VB
)−1
B
T
R
}
, (16)
Wkk′ = δkk′wk. (17)
Since the problem is invariant to such transformations,
we seek an orthonormal B with Coulomb metric
B
T
VB = 1, (18)
then the minimization of Eq. (16) leads to the solution
of eigenvalue problem(
RWR
T − εuV
)
Bu = 0, (19)
taking theMo column eigenvectors {Bu} with the highest
eigenvalues {εu}.
The nonlinear parameters can be optimized using the
first derivatives
∂E
∂αµ
= tr
{
WC
T
B
T
(
1
2
∂V
∂αµ
BC−
∂R
∂αµ
)}
, (20)
and, if needed, the lengthy but straightforward second
derivatives. As before47, we parametrize the exponents
αµ = exp
(
x1 +
µ∑
ν=2
√
x20 + x
2
ν
)
, (21)
taking {xµ}, µ ≥ 1, as the optimization variables, and
setting x0 = (ln 2)/4 to bound αµ+1/αµ ≥ 2
1/4 against
collapses αµ+1 → αµ.
After the full optimization, we make an orthogonal
transformation of coefficients {Bu} to zero out the charge
moments of all but one function ̺u(r) within each (l,m)
angular symmetry block and, furthermore, to zero out
the triangular blocks of coefficients of the most diffuse
functions ̺µ(r) — helping make the three-index integral
supermatrices much sparser in calculations on large poly-
atomic systems.
For molecules, we replace the exact inversion of an of-
ten ill-conditioned matrix with the approximation35
V
−1 ≈ (V + υ)−1
(
2−V(V + υ)−1
)
(22)
and handle the shifted matrix (V + υ)−1 by the
Householder transformation49, thanks to its good par-
allelizability, followed by a simple solution of the tridiag-
onal linear system. We find υ = 2−16 to work well and
use it in the tests that follow.
We have implemented our methodology into our
atomic electronic structure program47 making use of
spherical symmetry and working in up to 256-bit pre-
cision, and apply it to a full collection of atomic
wavefunctions47 from our work on a scalar-relativistic ap-
proximation48.
Having done all the work twice with either γ = 1 or
γ = 0 in Eq. (3), we have seen only small changes in test
results for molecules, so we set γ = 0 henceforth.
The number of functions in a density-fitting basis set
should be carefully chosen — we have used our natural
intelligence to find regularities, among a series of atoms,
in the distribution of eigenvalues of Eq. (19) for each an-
gular symmetry, aligning them rowwise and columnwise
in the periodic table until an acceptable solution has
been found — it is shown in Table I where the sizes of
wavefunction and density sets are compared. For the
lightest atoms, the choice is clear-cut, beginning with H
and He, where the density basis spans the full set of oc-
cupied-occupied and occupied-virtual products, we fol-
low the pattern of eigenvalue distribution for all other
atoms, also keeping the overall accuracy E at nearly the
same level.
Another choice to be made is the number of underlying
primitive functions — starting from some high number
for each angular symmetry, we bring it down until the
error rises to no more than twice the starting value. For
the lower angular momenta, more primitives need to be
contracted, and even more so for the heavier elements,
while the smallest number is found enough for the higher.
We tabulate the results in the supplementary material
so that the files can be concatenated with those from our
other work48 to get a full package of atomic basis sets for
theoretical chemistry.
We have done many tests on molecules for the ac-
curacy of HF50,51 and MP252 correlation energy com-
ponents of wavefunction theory, and also for Coulomb
and exchange-correlation53 components within the gen-
eralized-gradient approximation54 of density-functional55
theory, using the global fit with Coulomb metric to ap-
proximate the integrals and comparing the results with
those from the exact evaluation — the agreement is good
everywhere and we show in Table II the characteristic ex-
ample of water-ammonia complex as a small but mean-
ingful fragment of chemical matter, the data speak for
themselves.
3TABLE I. Sizesa of atomic wavefunction and density basis sets.
atoms set wavefunction density atoms set wavefunction density
H – He L1 2 1 2 1 In – Xe L1 6 5 3 11 10 9 6 3
L2 3 2 1 3 2 1 L2 7 6 4 1 12 11 10 7 5
L3 4 3 2 1 4 3 2 1 L3 8 7 5 2 1 12 11 11 8 6 1
L4 5 4 3 2 1 5 4 3 2 1 L4 9 8 6 3 2 1 13 12 12 9 7 3 1
L1a 3 2 3 2 L1a 7 6 4 12 11 10 7 3
L2a 4 3 2 4 3 2 L2a 8 7 5 2 13 12 11 8 6
L3a 5 4 3 2 5 4 3 2 L3a 9 8 6 3 2 13 12 12 9 7 2
L4a 6 5 4 3 2 6 5 4 3 2 L4a 10 9 7 4 3 2 14 13 13 10 8 4 2
Li – Ne L11 4 3 1 5 4 2 1 L11a 8 7 5 1 12 11 10 8 4 1
L22 6 5 3 1 6 5 4 2 1 L22a 10 9 7 4 1 13 12 12 9 7 2 1
L33 8 7 5 3 1 8 7 6 4 2 1 L33a 12 11 9 6 4 1 14 13 13 11 9 6 2 1
L44 10 9 7 5 3 1 10 9 8 6 4 2 1 L44a 14 13 11 8 6 4 1 16 15 15 13 11 8 5 2 1
B – Ne L1 3 2 1 4 3 2 1 Cs L11 8 7 4 14 13 12 7 3
L2 4 3 2 1 5 4 3 2 1 L22 10 9 6 2 15 14 14 9 6
L3 5 4 3 2 1 6 5 4 3 2 1 L33 12 11 8 4 2 16 15 15 11 8 3
L4 6 5 4 3 2 1 7 6 5 4 3 2 1 L44 14 13 10 6 4 2 17 16 16 12 9 4 2
L1a 4 3 2 5 4 3 2 L111 9 8 5 1 14 13 12 8 4 1
L2a 5 4 3 2 6 5 4 3 2 L222 12 11 8 4 1 15 14 14 10 7 3 1
L3a 6 5 4 3 2 7 6 5 4 3 2 L333 15 14 11 7 4 1 17 16 16 12 10 6 2 1
L4a 7 6 5 4 3 2 8 7 6 5 4 3 2 L444 18 17 14 10 7 4 1 18 18 18 15 12 9 5 2 1
L11a 5 4 2 6 5 3 2 Ba L11 8 7 5 14 13 12 9 6
L22a 7 6 4 2 7 6 5 3 2 L22 10 9 7 2 15 14 14 10 8 2
L33a 9 8 6 4 2 9 8 7 5 3 2 L33 12 11 9 4 2 16 15 15 11 9 4 1
L44a 11 10 8 6 4 2 11 10 9 7 5 3 2 L44 14 13 11 6 4 2 17 16 16 12 10 6 4 1
Na – Ar L11 5 4 2 7 6 5 2 L111 9 8 6 1 14 13 12 9 7 1
L22 7 6 4 2 8 7 6 4 2 L222 12 11 9 4 1 15 14 14 11 9 4 1
L33 9 8 6 4 2 9 9 8 6 4 2 L333 15 14 12 7 4 1 17 16 16 13 11 7 4 1
L44 11 10 8 6 4 2 11 11 10 8 6 4 2 L444 18 17 15 10 7 4 1 18 18 18 15 13 11 7 4 1
Al – Ar L1 4 3 1 6 5 4 1 La L11 8 7 5 1 14 13 12 9 6 1
L2 5 4 2 1 7 6 5 2 1 L22 10 9 7 3 1 15 14 14 10 8 3 1
L3 6 5 3 2 1 8 7 6 3 2 1 L33 12 11 9 5 3 1 16 15 15 11 9 6 2 1
L4 7 6 4 3 2 1 9 8 7 4 3 2 1 L44 14 13 11 7 5 3 1 17 16 16 12 10 7 4 2 1
L1a 5 4 2 7 6 5 2 L111 9 8 6 2 14 13 12 9 7 2
L2a 6 5 3 2 8 7 6 3 2 L222 12 11 9 5 2 15 14 14 11 9 5 2
L3a 7 6 4 3 2 9 8 7 4 3 2 L333 15 14 12 8 5 2 17 16 16 13 11 8 4 2
L4a 8 7 5 4 3 2 10 9 8 5 4 3 2 L444 18 17 15 11 8 5 2 18 18 18 15 13 11 7 4 2
L11a 6 5 3 8 7 6 3 Ce – Rn L111 9 8 6 3 1 14 13 13 10 8 5 2 1
L22a 8 7 5 3 9 8 7 5 3 L222 12 11 9 6 3 1 15 14 14 12 10 7 4 2 1
L33a 10 9 7 5 3 10 10 9 7 5 3 L333 15 14 12 9 6 3 1 17 16 16 13 11 9 6 4 2 1
L44a 12 11 9 7 5 3 12 12 11 9 7 5 3 L444 18 17 15 12 9 6 3 1 18 18 18 16 14 12 9 6 4 2 1
K L11 6 5 2 9 8 7 2 Lu – Rn L11 8 7 5 2 14 13 13 10 7 4 1
L22 8 7 4 2 10 9 8 4 2 L22 10 9 7 4 1 15 14 14 11 9 6 3
L33 10 9 6 4 2 11 10 9 6 4 2 L33 12 11 9 6 3 1 16 15 15 12 10 7 4 1
L44 12 11 8 6 4 2 13 12 11 9 6 4 2 L44 14 13 11 8 5 3 1 17 16 16 13 11 9 6 2 1
Ca L11 6 5 3 9 8 7 5 2 Tl – Rn L1 7 6 4 1 14 13 13 9 6 3 1
L22 8 7 5 2 10 9 8 6 4 1 L2 8 7 5 2 15 14 14 11 8 4 1
L33 10 9 7 4 2 11 10 10 8 6 4 1 L3 9 8 6 3 1 15 14 14 11 9 5 1
L44 12 11 9 6 4 2 13 12 12 10 8 6 4 1 L4 10 9 7 4 2 1 16 15 15 12 10 6 3
Sc – Kr L11 6 5 3 1 9 8 7 5 2 1 Fr L11 9 8 5 1 16 15 15 11 7 3 1
L22 8 7 5 3 1 10 9 8 6 4 2 1 L22 11 10 7 3 18 17 17 13 9 4 1
L33 10 9 7 5 3 1 11 10 10 8 6 4 2 1 L33 13 12 9 5 2 19 18 18 14 11 6 1
L44 12 11 9 7 5 3 1 13 12 12 10 8 6 4 2 1 L44 15 14 11 7 4 2 20 20 20 16 13 8 4
Ga – Kr L1 5 4 2 9 8 7 4 1 L111 10 9 6 2 16 15 15 11 7 4 1
L2 6 5 3 1 10 9 8 5 3 L222 13 12 9 5 1 18 17 17 13 10 6 3
L3 7 6 4 2 1 10 9 9 6 4 1 L333 16 15 12 8 4 1 19 18 18 15 12 8 4 1
L4 8 7 5 3 2 1 11 10 10 7 5 3 1 L444 19 18 15 11 7 4 1 20 20 20 17 15 11 8 3 1
L1a 6 5 3 10 9 8 5 1 Ra L11 9 8 6 1 16 15 15 12 9 3 1
L2a 7 6 4 2 11 10 9 6 4 L22 11 10 8 3 18 17 17 14 11 6 1
L3a 8 7 5 3 2 11 10 10 7 5 2 L33 13 12 10 5 2 19 18 18 15 13 8 4
L4a 9 8 6 4 3 2 12 11 11 8 6 4 2 L44 15 14 12 7 4 2 20 20 20 16 14 9 5 1
L11a 7 6 4 1 10 9 8 6 2 1 L111 10 9 7 2 16 15 15 12 10 4 1
L22a 9 8 6 4 1 11 10 9 7 5 2 1 L222 13 12 10 5 1 18 17 17 14 12 7 3
L33a 11 10 8 6 4 1 12 11 11 9 7 5 2 1 L333 16 15 13 8 4 1 19 18 18 16 14 10 6 1
L44a 13 12 10 8 6 4 1 14 13 13 11 9 7 5 2 1 L444 19 18 16 11 7 4 1 20 20 20 17 15 12 9 4 1
Rb L11 7 6 3 11 10 9 5 1 Ac L11 9 8 6 2 16 15 15 12 9 4 1
L22 9 8 5 2 12 11 11 7 3 L22 11 10 8 4 1 18 17 17 14 11 7 2
L33 11 10 7 4 2 13 12 12 9 6 2 L33 13 12 10 6 3 1 19 18 18 15 13 8 5 1
L44 13 12 9 6 4 2 15 14 14 11 8 4 2 L44 15 14 12 8 5 3 1 20 20 20 16 14 10 7 2 1
Sr L11 7 6 4 11 10 9 7 4 L111 10 9 7 3 16 15 15 12 10 5 1
L22 9 8 6 2 12 11 11 8 6 1 L222 13 12 10 6 2 18 17 17 14 12 8 4
L33 11 10 8 4 2 13 12 12 10 8 4 1 L333 16 15 13 9 5 2 19 18 18 16 14 11 7 2
L44 13 12 10 6 4 2 15 14 14 12 10 6 4 1 L444 19 18 16 12 8 5 2 20 20 20 17 15 12 10 5 2
Y – Xe L11 7 6 4 1 11 10 9 7 4 1 Th – No L111 10 9 7 4 1 16 15 15 12 10 7 4 1
L22 9 8 6 3 1 12 11 11 8 6 2 1 L222 13 12 10 7 3 1 18 17 17 14 12 9 6 2 1
L33 11 10 8 5 3 1 13 12 12 10 8 5 2 1 L333 16 15 13 10 6 3 1 19 18 18 16 14 11 8 4 2 1
L44 13 12 10 7 5 3 1 15 14 14 12 10 7 4 2 1 L444 19 18 16 13 9 6 3 1 20 20 20 18 16 13 11 8 4 2 1
aNumber of radial functions for angular momenta l = 0, . . . , lmax.
4TABLE II. Tests of molecular integral approximation.
molecule set EHF EMP2 δEHF
a δEMP2
a
H3N L1 3 -56.257006 -0.198373 -0.000060 0.000797
L1a 3 -56.264521 -0.214041 -0.000064 0.000219
L2 3 -56.264915 -0.239455 -0.000012 0.000393
L2a 3 -56.268333 -0.245274 -0.000029 0.000183
L3 3 -56.267775 -0.253086 -0.000032 0.000198
L3a 3 -56.269261 -0.255372 -0.000009 0.000122
L33a 3 -56.269479 -0.311461 -0.000016 0.000136
L4 3 -56.268910 -0.258385 -0.000017 0.000110
L4a 3 -56.269465 -0.259446 -0.000011 0.000070
H2O L1 3 -76.134433 -0.218305 0.000185 0.000628
L1a 3 -76.141327 -0.238776 0.000045 0.000097
L2 3 -76.143573 -0.267992 0.000024 0.000246
L2a 3 -76.145853 -0.275971 -0.000028 0.000122
L3 3 -76.145706 -0.285628 -0.000031 0.000150
L3a 3 -76.146742 -0.288898 -0.000010 0.000099
L33a 3 -76.146912 -0.348174 -0.000018 0.000105
L4 3 -76.146537 -0.292598 -0.000032 0.000092
L4a 3 -76.146920 -0.294123 -0.000014 0.000056
∆EHF
b ∆EMP2
b δ∆EHF δ∆EMP2
H3N. . . H2O L1 3 -0.008680 -0.003151 0.000012 -0.000024
L1a 3 -0.007218 -0.004258 0.000016 -0.000027
L2 3 -0.007428 -0.003663 0.000020 -0.000011
L2a 3 -0.006526 -0.004119 0.000009 0.000002
L3 3 -0.006879 -0.003806 0.000006 -0.000013
L3a 3 -0.006484 -0.004023 -0.000003 0.000001
L33a 3 -0.006433 -0.004099 -0.000005 -0.000002
L4 3 -0.006614 -0.003909 0.000003 -0.000007
L4a 3 -0.006441 -0.003997 0.000001 0.000002
aEnergy error δE = E˜ − E, au.
bBinding energy ∆E = E(complex)− E(mol1)− E(mol2), au.
We are looking forward to further applications of our
density-fitting basis sets, they have already been (and
will be) used in computational studies to help organic
chemists56 (including ourselves57) understand reaction
mechanisms and design new molecules.
See supplementary material for data files.
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